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Comparing and contrasting the birthday problem

THE cLASSICAL BiRTHDAY PROTLEM: What
ig the least number of people reguired to
assure that the probability that two or
more of them have the same hirthday ex-
cocds 47

The usual simplifieations are that
February 20 ia ignored Az a possible hirth-
day and that the other 365 days are re-
garded as equally likely birth dates. The
problem and its answer, 23 people, are well
known,!

Many nre surprised at this answer,
because 23 is & small fraction of 365, In-
stend, they feel that a number such as
183 = }(365)) would be more reasonable,
Their surprise stems in part from a mis-
understanding of the statement of the
problem. The problem they have in mind
is the bivthmate problem: What is the least
number of people I should question to
make the probability that I find one or
more birthmates cxeecd 47

Thia problem iz koown, but not well
known,! and its anawer is 2533, The anawer
exceeds 183 because the sampling of hirth
dates ia done with replacement, rather
than without, Il we sampled from 365 poeo-
ple with diferent birth dates, 183 is the
eorrect answer to the birthmate problem.

In eomparing the birthday and birth-
mate problems, one observes that for r
people in the birthday problem, there are
r(r=1)/2 pairs or opportunitias for like
birthdays; whereas, if # peopls are ques-
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and the birthmale problem

tioned in the hirthmate problem, there are
only 7 opportunities for me to find one or
more birthmates, It seema reasonable that,
approximately, if one is to have about
the same probability of suceess (finding
matching birthdays) in the two problems,
then mer(r—13/2, because then one has
the same number of opporfunities in both
problems. For example, if the probability
of suceess is to be at least 3, then il r=23,
A=23(22)/2 =253 which happens to be
exactly the eorreet answer, On the other
hand, ihe probabilities of success in the
two problems are not identical. For the
birthday problem with r=23, P{success)
=0.6073, for the birthmate problem
n =253, Flsurcess) = (L5005

Lot us generalize the two prohlems. Let
& be the number of equally likely days (or
categories), r the number of individuals in
the birthday problem, and n the number
examined in the birthmate problem. Then
for the birthday problem it is easiest to
eompute Grst the probability of no like
birthdays, and to obtain the probability of
st least one like pair by taking the com-
plement.,

There are N wayvs for the first person to
hawe a hirthday, ¥ —1 for the next 2o that
he does not mateh the first, N —2 for the
third so that he matchea neither of the
first two, and s0 on down to N —r+1 for
the rth person. Then applving the multi-
plication prineiple, the number of ways for
no matehing birthdays is

NIN=I) - [(N=rF1}, riactors. (1}
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To get the probability of no metching
hirthdays we algo need the number of ways
r people can have birthdays without re-
atrigtion. There are N waya for each per-
gon. Then the multiplication principle says
that the tutal number of different ways the
birthdays ean be as=igned to r people ia

N, (2)

The number in expreasion (1) divided by
that in expression (2} is the probability of
no like birthdays, because we assume that
all birthdays and therefore all ways of
asxigning birthdays are equally likely. The
complement of this ratio is the probability,
Pg, of at least one pair of like birthdays in
the classical birthday problem.

Thus

Pg= Pat least 1 matching pair)

=1-N{N=1) - - (N—r+1)/N". (3)

For the birthmate problem the probabil-
ity that a randomly chosen person does not
have my birthday is (N —1)/N=1-1/N.
1f n people are independently drawn, then
by the multiplication prineiple for inde-
pendent events, the probability that none
has my birthday is {(1—1/N})* The prob-
ability, Pe, that at least one has my birth-
day is

'I b |
Pg=1l=|1=—} . 4
: ( - 4)

We wish to equate Ps to Pg approxi-
mately, and thus approximate » as a fune-

tion of r. If Pr=Fg, then

(N —r41)

(- ®

Dividing each factor on the left by an N
from N©, we get

NN -1} (N=2) -
— l|1|,|rr

(-2 0
=)

If we multiply out the left-hand zide of

Equation (#) to terms of order 1/N, &and

expand the right-hand side to two terms
wa gt

- (Gt )

R 7
N - 0

Eliminating the 1's shows that, approxi-
mately, wo want

a=1424 « -« +{r=1)=(r—1r/2. (8)
This result justifies in part our earlier
statement about the need for equivalent
opportunities,

The approach just given is satisfuctory
if n is small compared to ¥, but the follow-
ing logarithmic approach leads to & more
refined relation between nand rif Pg=Pa.

Reeall that if | x| <1, then

' ) {9

Toking the logarithm of hoth sides of
Equation (&) gives us

L7 A s
Eug( N) +1ng(l N + -

Flig (1—%) - (1—%), (10

We use Equation (9) to expand each
logarithm in Eguation {10} to get (after
multiplying both gides of the equation by
—1) Equation (11). Each line on the left
gide of Equation (11) corresponds to one
logarithmic expansion in the left of Equa-
tion {10].
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Now we sum the left aide of Equaticn
{11) column by eolumn, using the nsual
formulss for the sum of the integers, the
sum of the squares of the integera gnd a0
on to get

rir—1) t rl[r-I}[Er—l} :r’l[r—l]’
aN e.{*.afb"rj' 4(3NY)
= (gt Eh'f+"')' (12)

To pet o refined estimate of 7 in terms of
r, we divide both sides of Equation {12} by

1| 1 i 1 ]
N anNt gy !

and by ordinary but arduouz long division
we find

(et ) o

Thus factoring r(r—1)/2 out of the quo-

tient gives

aN T (13)

It is amusing to note that the eoafficient of
1/N is the number of triple birthdays, but
1 have not found an intuitive rationale for
this,

Thus for N=366, r=23 to equate
probabilities for the two problems, n =258,
And for these numbers Pg==0.6073 and
P =0.5073.

In the Table for the Birthday Problema,
we give in eolumn 1 & target probalulity.
Column 2 gives for the birthmate problem
the smallest value of n that providea a
probability of suceess larger than the tar-
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get probability. Column 3 gives the cor-
reaponding probability of success, Pa.
Column 4 gives the smalleat value of r that
produces n probability of suecess for the
birthday problem greater than the target
probability shown in column 1. The astual
probability of success, P, i shown in
ealumn 5. The Gth and Tth columna show
fiy=rir—1}/2, for the r given in column 4,
together with the probability of success,
Py, in the birthmate problem, with =,

people, Column & gives a*, the value of
for the birthmate problem that makes the
probability of success in the birthmate
problem nearest to the probability of
suecers, Fg, in the birthday problem.
Column 9 gives 5y, the value of n obtained
from the approximation of Equation {13).
Crvar the range of target probabilities con-
gidered in the table, n, ny, n*, and ny are
rather close, Also the probabilities Pr and
P are close, though Pr> P,

1963 election

The Committes on Nominatione and Elsa-
tions I8 making plans for bthe 1563 elestion.
Offisers to be elected in 1065 are: president-
eleet, vice-presideot for college, vice-president
for jusior high echool, and three diceetors.

The commitiee invites your suggestions for
candidates. Plesse submit the numes of able in-
dividuals, alomg with full informsation about
their quualifeations, to the chairman of the Com-
mittes on Nominations and Elections, Agnes
Herbert, 4807 Lindeay Road, Baltimore 28,
Maryland, nol later than May 15, 1962,
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